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We prove that every orientation preserving surface diffeomorphism with homoclinic
tangencies can be C1 approximated by diffeomorphisms exhibiting periodic points with
purely imaginary eigenvalues. This improves a result in Morales (2009) [9].
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1. Introduction
The problem of what kind of dynamics can appear from the unfolding of a homoclinic tangency has been considered
elsewhere in the literature. In the surface case we can mention the following remarkable works by: Newhouse [1] about
the existence of infinitely many sinks and persistently homoclinic tangencies; Palis and Takens [2] about the prevalence of
hyperbolicity in the unfolding of a homoclinic tangency associated to a periodic point belonging to a hyperbolic basic set
with small Hausdorff dimension and, finally, the one by Mora and Viana [3] about the abundance of strange attractors after
the unfolding of a homoclinic tangency. See also Chapter III in [4,5] and references therein.
Here we give the first (as far as we know) mathematical proof of the necessary presence of a phenomenon associated to
homoclinic tangencies for orientation preserving surface diffeomorphisms, namely, the appearance of periodic points with
purely imaginary eigenvalues. Indeed, such a phenomenon is well expected as an application of Yorke–Alligood Theorem [6].
In fact, the popular (not formalized) and rough argument takes into account that in a cascade of period doubling bifurcations
a periodic orbit is bornwith an eigenvalue+1 and later reaches an eigenvalue−1. So, if themaps are two-dimensional order
preserving diffeomorphisms, purely imaginary eigenvalues must appear in between. However, our proof is more direct and
shorter than the known argument that would be derived from Yorke–Alligood Theorem (if this latter were formalized).
Our result provides another obstruction for the solution of the Smale conjecture [7] that Axiom A is open and dense in
the space of diffeomorphisms of a closed surface, that is, approximation by diffeomorphisms exhibiting periodic points
with purely imaginary eigenvalues. Combined with [8] our result implies that C1 generic orientation preserving surface
diffeomorphisms are Axiom A without cycles, or, can be C1 approximated by diffeomorphisms exhibiting periodic points
with purely imaginary eigenvalues. From this we derive another proof of the main result in [9].
Finally we want to indicate the relevance of our result also with respect to its applications to other sciences. It ensures
the existence of a phenomenon that was reported after numerical or physical experiments in several other sciences. In fact,
infinitely many values of the parameters for which a periodic orbit has two conjugated purely imaginary eigenvalues were
experimentally observed when intermingled with the parameter values of a cascade of period doubling bifurcations which
generically conduces to new homoclinic bifurcations. They were discovered numerically or experimentally, for instance,
in some particular engineering systems of electrical power p. 491 in [10], of fluid mechanical systems [11], in dynamical
mathematical models of ecology and biology p. 465 in [12,13] and in some examples of chemical reactions [14].
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2. Statements and proofs
Hereafter M will denote a closed orientable surface, i.e., a two-dimensional compact Riemannian boundaryless manifold
with an orientation. The space Diff1(M) of all the diffeomorphisms f : M → M is naturally equipped with a topology, the
C1 topology, measuring the distance between maps and their corresponding derivatives. We will need Franks’s lemma [15].
Lemma 2.1 (Franks’s Lemma). For every f ∈ Diff 1(M) and every neighborhood W (f ) ⊂ Diff 1(M) of f there exist ϵ > 0 and a
neighborhood W0(f ) ⊂ W (f ) of f such that if g ′ ∈ W0(f ), {x0, . . . , xn−1} ⊂ M is a finite set (n ≥ 1), U ⊂ M is a neighborhood
of {x0 · · · , xn−1} and Li : TxiM → Tg ′(xi)M are linear maps satisfying ∥Li − Dg ′(xi)∥ < ϵ (∀i = 0, . . . , n − 1), then there is
g ∈ W (f ) such that g(x) = g ′(x) in {x0, . . . , xn−1} ∪ (M \ U), and Dg(xi) = Li for every i = 0, . . . , n− 1.
By an orientation preserving surface diffeomorphism we mean a C1 diffeomorphism f : M → M which is orientation
preserving. A periodic point of f is a point p such that f n(p) = p for some n ∈ N+. The minimum of such integers
is the period of p denoted by np (or np,f to emphasize f ). The eigenvalues of p will be those of the linear isomorphism
Df np(p) : TpM → TpM .
We shall call a periodic point hyperbolic if it has no eigenvalues of modulus one, and a saddle if it has an eigenvalue of
modulus less than one and an eigenvalue of modulus bigger than 1. It turns out that every hyperbolic periodic point p comes
equippedwith a stable and an unstablemanifold [16]. A homoclinic point (associated to p) is a point qwhere thesemanifolds
intersect, whereas, a homoclinic tangency is one where such an intersection is not transversal. A complex number is purely
imaginary if it has zero real part.
Our result is the following.
Theorem 2.2. Every orientation preserving surface diffeomorphism with homoclinic tangencies can be C1 approximated by
diffeomorphisms exhibiting periodic points with purely imaginary eigenvalues.
Proof. Let f be an orientation preserving surface diffeomorphism exhibiting a homoclinic tangency q associated to p.
Perturbing f a bit if necessary we can assume that | det(Df np(p))| ≠ 1. Fix a neighborhood U0 of f . We shall prove that
there is g ∈ U0 exhibiting a periodic point with purely imaginary eigenvalues. Without loss of generality we can assume
that every g ∈ U0 is orientation preserving.
For any g ∈ U0 and any open set U , denote by Saddle(g,U) the set of saddles p of g whose entire orbit {gn(p) : n ∈ Z}
is contained in U . For n ∈ N+ we define Saddlen(g,U) = {p ∈ Saddle(g,U) : np,g ≥ n}.
We claim that there exist: a neighborhoodU ⊂ U0 of f ; a neighborhoodU0 of the orbit under f of both q and p ; a positive
integer n; and δ > 0 such that
|σx − λx| ≥ δ, ∀(g, x) ∈ U× Saddlen(g,U0), (1)
where λx and σx are the eigenvalues of xwith 0 < |λx| < 1 < |σx|.
Indeed, choose U0 as a small neighborhood of the orbit of q (under f ) and the periodic point p consisting of small disks
W around the points in the orbit of p and a number of small disks containing those points of the orbit of q which are not
contained inW . As | det(Df np(p))| ≠ 1 we have either | det(Df np(p))| < 1 or | det(Df np(p))| > 1. We will argue in the first
case. In the other one, the argument is similar. Then, we can arrange an integer n0 ≥ 2, 0 < ρ < 1 and a neighborhoodU
of f such that | det(Dgn0(x))| < ρ whenever (g, x) ∈ U× U0. Define β = ρ
1
n0 (thus 0 < β < 1) and
K = sup{ρ− in0 | det(Dg i(y))| : 0 ≤ i < n0, y ∈ U0, g ∈ U}.
If (g, x) ∈ U× Saddle(g,U0)we can write nx = nx,g = [ nxn0 ]n0 + rx, where [·] denotes the integer part and 0 ≤ rx < n0. So,
| det(Dgnx(x))| = | det(Dg rx(g [ nxn0 ]n0(x)))| · | det(Dg [ nxn0 ]n0(x))| ≤ Kβnx .
Consequently, |σx − λx| ≥ 1− |λx| ≥ 1− | det(Dgnx(x))| ≥ 1− Kβnx and so
|σx − λx| ≥ 1− Kβnx , ∀(g, x) ∈ U× Saddle(g,U0).
Since 0 < β < 1 the above inequality implies that there exist n ∈ N+ and δ > 0 such that (1) holds. The claim follows.
Writing | λx+σx
σx−λx | = |1− 2λxσx−λx | ≤ 1+ 2δ we get from (1) thatλx + σxσx − λx
 ≤ 1+ 2δ , ∀(g, x) ∈ U× Saddlen(g,U0). (2)
Now putW (f ) = U in Franks’s lemma to obtain ϵ > 0 andW0(f ) ⊂ U. Define
C = sup
g∈U,x∈M
∥Dg(x)∥.
Unfolding the tangency q in the standard way (e.g. [5]) we obtain a diffeomorphism g ∈ W0(f ) exhibiting a horseshoe
inside U . Such a horseshoe in turns exhibits a saddle x ∈ Saddlen(g,U)where the angle α between the stable and unstable
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subbundles Esx and E
u
x is small. Taking the orthogonal complement (E
u
x )
⊥ of Eux we obtain a basin TxM = Eux ⊕ (Eux )⊥ with
respect to which
Dgnx(x) =

σx
λx − σx
tanα
0 λx

.
Consider the linear isomorphism
T =
1 0λx + σx
σx − λx

tanα 1
 .
Clearly, ∥T − Id∥ =
 λx+σxσx−λx  · | tanα| thus
∥T − Id∥ ≤ ϵ
C
by (2), for any value of the angle α small enough.
Set xi = g i(x) for i = 0, . . . , nx − 1 and define
Li =

Dg(xi) i ∈ {0, . . . , nx − 2}
Dg(xnx−1) ◦ T , i = nx − 1.
Clearly ∥Li − Dg(xi)∥ = 0 ≤ ϵ for i ∈ {0, . . . , nx − 2} and for i = nx − 1 we have
∥Lnx−1 − Dg(xnx−1)∥ ≤ ∥Dg(xnx−1)∥ · ∥T − Id∥ <∥ Dg(xnx−1)|| ·
ϵ
C
< ϵ.
Then, by applying Franks’s Lemma to g , xi and Li we can find g ′ ∈ W (f ) = U such that x is a periodic point (with period nx)
of g ′, and such that Dg ′((g ′)i(x)) = Li for i = 0, . . . , nx − 1. Then, D(g ′)nx(x) = Dgnx(x) · T by the chain rule. But a simple
computation shows that the trace Tr(Dgnx(x) · T ) = 0 yielding Tr(D(g ′)nx(x)) = 0. Since g ′ is orientation preserving we
conclude that x is a periodic point with purely imaginary eigenvalues of g ′. As g ′ ∈ U andU ⊂ U0 we obtain the desired
diffeomorphism and the proof follows. 
Weremark that the periodic pointwith purely imaginary eigenvalues found in Theorem2.2 is a attracting (resp. repelling)
if the saddle associated to the tangency is dissipative (resp. expansive). Next we recall that the nonwandering set Ω(f ) of
f ∈ Diff1(M) is the set consisting of those points p ∈ M such that U ∩ (∪n∈N+ f n(U)) ≠ ∅ for all neighborhood U of p. A
compact invariant set Λ is hyperbolic if there is a continuous tangent bundle decomposition TΛM = EsΛ ⊕ EuΛ over Λ and
positive constants K , λ such that
∥Df n(x)/Esx∥ ≤ Ke−λn and m(Df n(x)/Eux ) ≥ K−1eλn, ∀x ∈ Λ, n ∈ N,
wherem(·) denotes the co-norm operation.We say that f is Axiom A if its nonwandering setΩ(f ) is both hyperbolic and the
closure of the periodic points. The spectral decomposition theorem [17] asserts that the nonwandering set of any Axiom A
diffeomorphism splits into finitelymany disjoint hyperbolic sets often called basic sets. A diffeomorphism is Axiom Awithout
cycles if there are no orbits joining these basic sets in a cyclic way. It turns out that Diff1(M)with the C1 topology is a Baire
metric space, and so, every residual subset (i.e. countable intersection of open and dense subsets) in Diff1(M) is dense in
Diff1(M). The customary expression a C1 generic diffeomorphismwill mean a diffeomorphism in a certain residual subset of
Diff1(M). Theorem 2.2 and the work by Pujals and Sambarino [8] imply the following corollary.
Corollary 2.3. Every C1 generic orientation preserving surface diffeomorphism is Axiom A without cycles or can be C1
approximated by diffeomorphisms exhibiting periodic points with purely imaginary eigenvalues.
Proof. A slight reformulation of the main result in [8] is that a C1 generic surface diffeomorphism is Axiom A without
cycles or can be approximated by diffeomorphisms with homoclinic tangencies. Since, the latter diffeomorphisms can
be approximated by ones exhibiting periodic points with purely imaginary eigenvalues (by Theorem 2.2) we obtain the
result. 
Corollary 2.3 implies the following one by the author [9].
Corollary 2.4. Every C1 generic orientation preserving surface diffeomorphism is Axiom A without cycles or has infinitely many
periodic points with nonreal eigenvalues.
Proof. Denote by R the residual subset of all those f ∈ Diff1(M) such that all periodic points are hyperbolic without
purely imaginary eigenvalues (Kupka–Smale argument [17]); and f is Axiom A without cycles or can be approximated
by diffeomorphisms with a periodic point with purely imaginary eigenvalues Corollary 2.3. Denote by Spir(f ) the set of
periodic points with nonreal eigenvalues of f ∈ Diff1(M). We restrict toR the space of diffeomorphisms with the induced
C1 topology. For each k ∈ N+ we defineUk = {f ∈ R : #(Spir(f )) > k}where # denotes the cardinality operation. It follows
from the continuous dependence of the eigenvalues on f that Uk is open inR.
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Now we prove for a fixed k that every diffeomorphism in the interior A of R \ Uk is Axiom A without cycles. Indeed,
for one of such diffeomorphisms f (say) we get that Spir(f ) is a finite set {p1(f ), . . . , pl(f )}, all of them hyperbolic without
purely imaginary eigenvalues. Since all such points are hyperbolic they all admit analytic continuations pi(g) (i = 1, . . . , k)
for g close to f and, since f is an interior point ofR \ Uk, we have that Spir(g) = {p1(g), . . . , pk(g)} for all g close to f . On
the other hand, since each pi(f ) has no purely imaginary eigenvalues, the continuous dependence of the eigenvalues on g
implies that each pi(g) has no purely imaginary eigenvalues for all i and all g close to f . From this it follows that there is no
g close to f exhibiting a periodic point with purely imaginary eigenvalues, and so, f is Axiom A without cycles.
It follows from the above assertion that A ∪ Uk is open and dense in R, and, since R is residual in Diff1(M), we also
have that A ∪ Uk is residual in Diff1(M). Then, the intersection of A ∪ Uk as k runs over N is residual in Diff1(M) and every
diffeomorphism in this intersection satisfies one of the assertions of the corollary. 
Acknowledgments
The authorwould like to thank an anonymous referee for the information about the Yorke–Alligood Theorem, the possible
applications of our result mentioned in the Introduction, and the simplified proof of Corollary 2.4. Work partially supported
by CNPq, FAPERJ and PRONEX-Dyn. Sys./Brazil.
References
[1] S. Newhouse, The abundance of wild hyperbolic sets and nonsmooth stable sets for diffeomorphisms, Inst. Hautes Études Sci. Publ. Math. 50 (1979)
101–151.
[2] J. Palis, F. Takens, Hyperbolicity and the creation of homoclinic orbits, Ann. of Math. (2) 125 (2) (1987) 337–374.
[3] L. Mora, M. Viana, Abundance of strange attractors, Acta Math. 171 (1) (1993) 1–71.
[4] C. Bonatti, L. Diaz, M. Viana, Dynamics beyond uniform hyperbolicity: a global geometric and probabilistic perspective, in: Encyclopaedia of
Mathematical Sciences, in: Mathematical Physics, III, vol. 102, Springer, Berlin, 2005.
[5] J. Palis, F. Takens, Hyperbolicity and sensitive chaotic dynamics at homoclinic bifurcations, in: Cambridge Studies in Advanced Mathematics, vol. 35,
Cambridge University Press, Cambridge, 1993.
[6] Y.A. Yorke, K.T. Alligood, Cascades of period doubling bifurcations: a prerequisite for horseshoes, Bull. Amer. Math. Soc. (N.S.) 9 (3) (1983) 319–322.
[7] F. Abdenur, C. Bonatti, S. Crovisier, L.J. Diaz, Generic diffeomorphisms on compact surfaces, Fund. Math. 187 (2) (2005) 127–159.
[8] E.R. Pujals, M. Sambarino, Homoclinic tangencies and hyperbolicity for surface diffeomorphisms, Ann. Math. 151 (2) (2000) 961–1023.
[9] C. Morales, Another dichotomy for surface diffeomorphisms, Proc. Amer. Math. Soc. 137 (8) (2009) 2639–2644.
[10] B. Lee, V. Ajjarapu, Period doubling route to chaos in an electrical power system, Generation, Transmission and Distribution, IEEE Proceedings C 140
(1993) 490–496.
[11] L.N. Da Costa, E. Knobloch, N.O. Weiss, Oscillations in double-diffusive convection, J. Fluid Mech. 109 (1981) 25–43.
[12] Kuznetsov Yu, A. De Feo, O. Rinaldi, S. Belyakov, homoclinic bifurcations in a tritrophic food chain model, SIAM J. Appl. Math. 62 (2) (2001) 462–487.
[13] J. Hofbauer, J.W.-H. So, Multiple limit cycles for three-dimensional Lotka–Volterra equations, Appl. Math. Lett. 7 (6) (1994) 65–70.
[14] C.B. Smith, B. Kuszta, G. Lyberatos, J.E. Bailey, Period doubling and complex dynamics in an isothermal chemical reaction system, Chem. Eng. Sci. 38
(3) (1983) 425–430.
[15] F. Franks, Necessary conditions for stability of diffeomorphisms, Trans. Amer. Math. Soc. 158 (1971) 301–308.
[16] M. Hirsch, C. Pugh, M. Shub, Invariant manifolds, in: Lec. Not. in Math., vol. 583, Springer-Verlag, 1977.
[17] A. Katok, B. Hasselblatt, Introduction to the modern theory of dynamical systems, in: Encyclopedia of Mathematics and its Applications, vol. 54,
Cambridge University Press, Cambridge, 1995, With a supplementary chapter by Katok and Leonardo Mendoza.
